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GEOMETRY OF SOME TWISTOR SPACES OF ALGEBRAIC 

DIMENSION ONE 

NOBUHIRO HONDA 


Abstract. It is shown that there exists a twistor space on the n-fold connected sum of 
complex projective planes nCP^, whose algebraic dimension is one and whose general fiber 
of the algebraic reduction is birational to an elliptic ruled surface or a K3 surface. The 
former kind of twistor spaces are constructed over nCP^ for any n > 5, while the latter kind 
of example is constructed over 5CP^. Both of these seem to be the first such example on 
nCP^. The algebraic reduction in these examples is induced by the anti-canonical system 
of the twistor spaces. It is also shown that the former kind of twistor spaces contain a pair 
of non-normal Hopf surfaces. 


1. Introduction 

Let A be a compact complex manifold. We denoted by dim A for the complex dimension 
of A. A basic invariant for A is the algebraic dimension, which is usually denoted by a(A). 
This is defined as the transcendental degree over C of the field of meromorphic functions 
on A, and thus roughly measures how many meromorphic functions exist on A. For any 
compact complex manifold A we have 0 < a(A) < dim A. We have a(A) = 0 iff A has only 
constant meromorphic functions, and a (A) = dim A iff A is bimeromorphically equivalent 
to a projective algebraic manifold. For any A, there exists a projective algebraic manifold 
Y and a surjective meromorphic map f : X ^ Y which induces an isomorphism for the 
meromorphic function fields of Y and A, so that dimY = a(A); the meromorphic map 
/ : A —> Y is called the algebraic reduction of A, and is known to be unique under a 
bimeromorphic equivalence. Moreover, fibers of / are necessarily connected. 

If a(A) = dim A — 1, a general fiber of the algebraic reduction is always an elliptic curve; 
this is a consequence of the fact that the degree of the canonical bundle of an algebraic curve 
is zero only when it is an elliptic curve. In the case a(A) = dim A — 2 and dim A > 2, a 
possible list of a general fiber of the algebraic reduction is obtained in [26l p. 146]; basically 
the surfaces in the list are surfaces with non-positive Kodaira dimension. When A is 3- 
dimensional and belongs to the class structure of a possible general fiber of algebraic 
reduction is determined by A. Fujiki [6l p. 236, Theorem]. But when A ^ it is not easy 
to construct a (non-trivial) example of A with a(A) = 1 which has a surface in the list as 
a general fiber of the algebraic reduction. 

As is noticed by F. Campana, C.LeBrun, Y. S.Poon, M.Ville and others, the so called 
the twistor spaces associated to self-dual metrics on real 4-manifolds provide examples of 
compact complex threefold Z which satisfies Z ^ ^ and a{Z) = 1. Some interesting 
examples are the twistor spaces of a Ricci-flat Kahler metric on a complex torus and a 
K3 surface with the complex orientation reversed; the algebraic reduction of these twistor 
spaces is a natural holomorphic projection to CP^, which is differentiably a fiber bundle 

The author has been partially supported by JSPS KAKENHI Grant Number 24540061. 

Mathematics Subject Classification (2010) 53A30. 


1 



2 


NOBUHIRO HONDA 


over CP^ whose fibers are a complex torus or a K3 surface respectively. Also, a Hopf surface 
has a conformally flat structure whose twistor space enjoys a similar property. Further, in 
the case of Hopf surfaces, Fujiki [8] showed that if a{Z) = 1, a general fiber of its algebraic 
reduction is either a Hopf surface or a ruled surface over an elliptic curve. (We will call the 
latter as an elliptic ruled surface in the sequel.) These twistor spaces are quotient of CP^ 
minus two skew lines by a free linear Z-action. 

As examples of a different flavor, by Donaldson-Friedman [3], LeBrun-Poon mm. 
Poon [25] and others, if n > 4, the connected sum nCP^ of n copies of the complex projec¬ 
tive planes admits a self-dual metric whose twistor space Z satisfies a{Z) = 1. For these 
examples, the algebraic reduction is induced by the natural square root ' of the anti- 
canonical line bundle of Z, and from this, it may be readily seen, with a help of a useful 
result by Pedersen-Poon [23], that a general fiber of the algebraic reduction is a rational 
surface. Thus rational surfaces actually occur as a general fiber of the algebraic reduction 
of a twistor space on nCP^ if n > 4. Also, it is not difficult to see that, for any twistor space 
Z on 4CP^, other complex surfaces cannot be a general fiber of the algebraic reduction for 
Z with a{Z) = 1. However, to the best of the author’s knowledge, no example is known so 
far of a twistor space of algebraic dimension one on nCP^ having any other surfaces in the 
list as a general fiber of the algebraic reduction. 

In this article, we show that there exists a twistor spaee Z on nCP^ satisfying a{Z) = 1 
whose general fiber of the algebraie reduction is birational to (i) a ruled surfaee over an 
elliptic curve, or (ii) a K3 surface. The former type of twistor spaces are constructed over 
reCP^ for arbitrary n > 5, while the latter is constructed only over 5CP^. The algebraic 
reduction for both of these twistor spaces is induced by the anti-canonical system of the 
twistor space, and it is a pencil, having base curves. 

We briefly explain characteristic features of these twistor spaces. The twistor spaces with 
the pencil of elliptic ruled surfaces have a particular pair of rational curves which are base 
curves of the anti-canonical pencil. Moreover these are double eurves of the elliptic ruled 
surfaces. In particular, the surfaces are non-normal. These surfaces are obtained from their 
normalization by identifying each of two disjoint sections of the ruling by an involution 
on each. (This is why the two double curves are not elliptic but rational.) These twistor 
spaces admit a C*-action, and each member of the pencil is C*-invariant. There exists a 
reducible member of the pencil, whose irreducible components consist of two surfaces which 
are birational to a Hopf surfaee. The intersection of the two components is a non-singular 
elliptic curve, and it is a single orbit of the C*-action. On the other hand, the twistor spaces 
with the pencil of K3 surfaces do not admit a C*-action, and the base locus of the pencil 
consists of a pair of chains of curves formed by four rational curves. From the second Betti 
number, these twistor spaces do not seem to have a direct generalization to the case n > 5. 

At a technical level, both of these twistor spaces are characterized by the property that 
they contain a rational surface of special kinds whose twice is an anti-canonical divisor of the 
twistor space. The most difficult part for analyzing the structure is to show that under this 
condition on the presence of the rational surface, the anti-canonical system is necessarily 
a pencil. This is shown by using a variation formula for the Euler characteristic for a line 
bundle under a blow-up whose center is a curve. We apply the formula for a particular line 
bundle and the rational curves, which lead to the conclusion. 
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2. Construction of some rational surfaces 

In this section, we first construct a rational elliptic surface So admitting a non-trivial 
C*-action, which satisfies = 0. Next we blowup this surface at fixed points of the C*- 
action, and obtain a rational surface S with C*-action which satisfies = 8 — 2n, where 
n > 4. Then we investigate the linear system \mKg^\ for any m > 0. 

By a real structure on a complex manifold, we mean an anti-holomorphic involution on 
it. Throughout this section E denotes a smooth elliptic curve equipped with: 

• a real structure a without fixed point, 

• a holomorphic involution r which has 4 fixed points, and which commutes with cj. 
Also on the complex projective line CP^, we put: 

• a real structure without fixed point, which is also denoted by a, 

• a holomorphic involution r which has 2 fixed points, and which commutes with a. 

From these, on the product surface E x CP^ we obtain: 

• the product real structure, again denoted by a, 

• the product holomorphic involution, again denoted by r, commuting with a. 

On the product E x CP^, the holomorphic involution r has exactly 8 fixed points. So the 
quotient complex surface {E x CP^)/r has 8 ordinary double points. This quotient surface 
also has a real structure induced by that on E x CP^. The projection E x CP^ —CP^ 
induces a holomorphic map {E x CP^)/r —>■ CP^/r, which defines a structure of elliptic 
surface over CP^/r ~ CP^ on the quotient surface. Let 

(2.1) 5o^(^xCP^)/r 

be the minimal resolution of the 8 double points. The real structure on {E x CP^)/r 
naturally lifts to Sq, and we still denote it by a. This has no real point. We note that the 
surface Sq is uniquely determined by the isomorphism class of the initial elliptic curve E. 
Taking the composition with the above projection (E x CP^)/t —CP^/r ~ CP^, we obtain 
an elliptic fibration 

(2.2) fo ■ So ^ Cpi. 

This has non-reduced fibers over the images of the two fixed points of r on CP^. These 
fibers are clearly of type Jq in Kodaira’s notation for singular fibers of elliptic fibrations. 
Denoting 0 and oo for the images of the two fixed points, we write the singular fibers as 

(2.3) f-\o) = 2Co+ and f^\c^) = 2Co+ 

I<i<4 l<j<4 

where Cq and Co = o'(C'o) are the unique double component of each fiber respectively. Of 
course, all of these components are (—2)-curves. (See Figured] for these constructions.) 
The following properties on the surface So are immediate to see from the construction: 

• The surface So has an effective C*-action induced from the C*-action on E x CP^ 
which is the product of the trivial action on E and the standard C*-action on CP^. 

• This C*-action on So is compatible with the above elliptic fibration fo '■ So ^ CP^, 
and induces a non-trivial but non-effective C*-action on the base space CP^. 

• All regular fibers of fo are isomorphic to E, and are mutually identified by the C*- 
action. The two singular fibers of fo are C*-invariant, and among their components 
only the double components Co and Co are point-wise fixed by the C*-action. 
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Figure 1. Construction of the surface Sq and the singular hbers of the 
elliptic fibration /o : S'o ^ CP^ 


Moreover we have the following properties on the structure of the surface Sq: 

Proposition 2.1. Let Sq be as above. Then = 0, and the anti-canonical system of the 
surface Sq is a 'pencil ivithout a fixed point, whose associated morphism may be identified 
with the elliptic fibration /o : S'o —)• CP^ in Moreover, Sq is a rational surface. 

As this is not difficult to see, we omit a proof. We mention that this surface Sq is the 
same as the surface Sq in m p. 146] that appears in a construction of a twistor space on 
4CP^ admitting a C*-action, whose algebraic dimension is two. 

As in Proposition 12.11 the surface Sq satisfies = 0. Let n be any integer greater than 
4. We then choose distinct (n — 4) points on the curve Cq, any of which is different from 
the four points Cq H Cj, i E {1, 2,3,4}, and let 

(2.4) c-.S^Sq 

be the blowup at the (n — 4) points on Cq and the {n — 4) points on Cq which are the real 
conjugations of the (n — 4) points. Evidently the real structure and the C*-action on Sq 
naturally lift on the surface S. Obviously S is uniquely determined from Sq by the choice 
of (n — 4) points on Cq. For the pluri-anticanonical systems of this surface, we have 


Proposition 2.2. For the above rational surface S, we have: 
(i) Kg = 8 — 2n. 

(a) For any m > 1, we have: 


h?{mKg 


0 if-m is odd, 

1 if-m is even. 


In particular k 


(S) = 0 for the anti-Kodaira dimension of S. 























5 


(in) 

(2.5) 


The single member of the system is eoncretely given by 

(2C0 + Ci) + (2C0 + Ci). 

l<i<4 1<*<4 


Proof. The item (i) is of course obvious. For (ii), we recall from Proposition 12.II the relation 

(2.6) 0, f*^„,{l) 

for the anti-canonical system on Sq. Let 

C*5 5 C*g,..., Cji 

be the exceptional curves over the blown-up points on Cq, and Cg, Cq, • • • , Cn the excep¬ 
tional curves over the real conjugate points over Cq- Let 

/ ; 5 ^ So A Cpi 


be the composition, which is also an elliptic fibration. In the following, for simplicity of 
notation, we write 

Cl, 2 , 3 ,4 := ^ Ci and C5^6,...,n := ^ Cj. 
l<i<4 5<i<n 


Then from (12.6p we obtain 

~ e*K^^ - (C5,6,...,n + C5,6,...,n) ^ e*/o^(l) - (C5,6,...,n + C5,6,...,n) 

(2-7) ~ /*i^(l) — (C5,6,...,n + C5,6,...,n)- 

Because Ci and Ci belong to different fibers of /, this in particular implies = 0. 

Further recalling that the components Cq and Co are included by multiplicity two as in 
(j2.3p . we have 

(2.8) f*G'{l) ~ 26*0 -I- Ci^2,3,4 + 2C5_6^..._„, f*^{l) ~ 2Co -f Ci^2,3,4 + 2C5,6^,,,,„. 

Therefore from (12.7p we have 

2Ks^ ~ r^(2) - 2(b75,6,...,n + C5,6,...,n) 

~ (/*^(1) - 2C5,6,...,n) + (r ^(1) - 2C5,6,...,n) 

(2.9) ~ (2Co + Cl, 2 , 3 , 4 ) + (2Co -I- Cl, 2 , 3 , 4 )- 

Thus the last curve belongs to the system |2iF^^|, and therefore hf{2Kg^) > 1, implying 
h?{2mKg^) > 1 for any m > 0. 

Next we show = 0. For this it is enough to see that the divisor (|2.9p itself 

is precisely the ‘negative part’ of the Zariski decomposition m of the divisor. For this it 
suffices to verify that the intersection matrix of the divisor 26*0-|-Ci, 2,3,4 is negative definite. 
From elementary calculation, we readily see that the eigenvalues of the intersection matrix 
(Cj, C'j)o<i,j <4 are all negative. Hence the intersection matrix is actually negative definite, 
and thus we obtain = 0. This means that h^{2mKg^) = 1 for any m > 0, since 

otherwise we have k~^{S) > 1. 

It remains to show that H^{{2m — l)iF^^) = 0 for any m > 1. The case m = 1 being 
already shown, suppose m > 1. Since K^^.Co = Cq + 2 = {2 — n) + 2 = 4 — n which is 
negative as n > 4, the curve Co is a fixed component of |(2m — l)iL^^|. As K^^.Ci = 0 for 
any i € {1,2,3,4}, and Ci and Cq intersect, this means that Ci is also a fixed component 
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for any i G {1,2,3,4}. By reality, the same is true for the conjugate curves Cj, 0 < i < 4. 
Hence we have an isomorphism 

(2.10) I(2m - l)Ks^\ ~ |(2m - l)Ks^ - Cq - Ci,2,3,4 - Cq - Ci,2,3,4|■ 

Moreover, the intersection number of the ingredient of the right-hand side with the curve 
Co is readily computed to be 2{(1 — m)n + (4m — 5)}. Since n > 5 and m > 1, we have 
(1 — m)n + (4m — 5) < 5(1 — m) -|- (4m — 5) = —m < 0. This implies that the right-hand 
side of (j2.10l) still has Cq, and therefore Cq also, as hxed components. Thus the unique 
member (|2.9I) of |2il'g is a hxed component of the system |(2m — 1)111^^1 if m > 1. Hence 
we obtain an isomorphism 

|(2m - l)K-^\ ^ |(2m - 

for any m > 1. As = 0, this implies |(2m — l)Ar^^| = 0 for any m > 1, as desired. □ 

3. Geometry of a twistor space which contains the rational surface 

Let n > 4 and g he a. self-dual Riemannian metric on nCP^ whose scalar curvature is 
positive. Let Z be the associated twistor space. In the sequel we write F for the holomorphic 
line bundle ' which makes a natural sense for a twistor space associated to a self-dual 
metric [I]. In this section we investigate structure of Z which has the rational surface S 
constructed in the last section as a real member of the linear system \F\. (The existence of 
such a twistor space will be shown in Section 5.) 

3.1. Determination of the algebraic dimension of Z. Let n > 4 and S be any one of 

the rational surfaces constructed in the last section, satisfying = 8 — 2n. Suppose the 
twistor space Z has the surface 5 as a real member of the system |F|. We also suppose 
that the C*-action on S extends to the whole of Z in a way that it is compatible with the 
real structure on Z. This means that the corresponding self-dual structure on nCP^ have a 
non-trivial S'^-action, and its natnral lift on the twistor space Z has the given C*-action as 
the complexification when restricted to the divisor S. Then we have the following properties 
on linear systems on Z: 

Proposition 3.1. Suppose n > 4, and let Z and S be a twistor space on nCP^ and the 
divisor respectively as above. Then we have: 

(i) The system |T| consists of a single member S. 

(a) The system \2F\ (= \K'^^\) is a pencil, and the associated meromorphic map gives an 
algebraic reduction of Z. In particular, a{Z) = 1 holds for the algebraic dimension 
of Z. 

The meromorphic map Z CP^ in (ii) has a non-empty indeterminacy locus. This will 
be investigated in the next subsection. 

The assertion (i) can be readily shown by a standard argument using Proposition 12.21 
and we omit a proof. From (i), it follows a{Z) < 1, since we have a{Z) < 1 + k“^(S') in 
general [2], and k~^{S) = 0 by Proposition 12.21 The rest of this subsection is devoted to 
proving a{Z) > 0. We first show a transformation formula for the Euler characteristic of a 
line bundle over a compact complex threefold under the blowup with a 1-dimensional center 
in general: 
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Proposition 3.2. Let X be a compact complex threefold and L a holomorphic line bundle 
over X. Let C be a smooth curve on X, p, : Xi —X the blowup at C, and E C Xi the 
exceptional divisor. Then if we write Li := p*L — E, for the Euler characteristic, we have 

(3.1) x{Li) = x{L)-L.C-l + gc, 
where gc is the genus of the curve C. 

Proof. By the Riemann-Roch formula for a threefold, we have 

(3.2) x(Li) = hi + ^Ll ci(Xi) + ^Li. (ci(Xi)2 + C2{X^)) + ^ci(Xi). C2(X,). 

To compute the right-hand side, we first note that, for any line bundles -Fi and F 2 over X, 
we have 

(3.3) p*E,.p*F2.E = {p*E,\e,p*F2\e)„ = {p*{F,\c),p*{F2\c))e = 0. 

For Lf, we readily have 

(3.4) E^ = {E\Ef = -degNc/x, 

(3.5) {p*L)^E = 0 (by (1331)), 

(3.6) {p*L). F^ = {p*L\e, E\e)e = {p*{L\c),E\e)e = -L.C. 

Therefore we obtain 

(3.7) Ll = L^ - ?,{p* Lf . F + ?,{p* L). E"^ - F^ = L^ - ?,L.C + degNc/x, 

where we used (j3.4p - (j3.6p for the last equality. 

Next for the second term in the right-hand side of ()3.2p . we have 

L?.ci(Xi) = {{p*Lf-2p*L.E + E‘^}.{p*ci{X)-E) 

(3.8) =L^.ci{X)-2L.C + E‘^.p*ci{X)-E^ Ibv (1331) . (1331) b 

Moreover we have 

(3.9) 

E\p*ci{X) = {p*K-%,E\e)j, = {p*{K-%),E\e)j, = -Kf,\C = 2gc - 2 - degNc/x, 

where the last equality is from adjunction formula. Hence, with the aid of (I3.4p . we obtain 
from (|3.8I) 

(3.10) L^ci(Xi) = L'^.ciiX)-2L.C+ 2gc-2. 

Next, for the third term of ()3.2p . we first have 

Li. ciiXif = {p*L - E).{p*ci{X) - Ff 

= L.ci{Xf + P*L.E‘^ + 2p*ci{X).E'^ - F^ (by M 

(3.11) = L.ci{Xf - L.C+ A{gc-1) - degNc/x- (by dM]) , dSS]) , (1231) ). 

On the other hand, for the transformation law for the second Chern class of a threefold, we 
have by [9l pp.609-610, Lemma] 

C2(Xi) = P*{C 2 {X) + [C])- {p*ci{X)).E, 
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where [C] denotes the cohomology class in H^(X, Z) represented by the 2-cycle C. Therefore 
we obtain 

Li.C 2 (Xi) = (^*L - E).{fi*{c 2 {X) + [C]) - {fi*ci{X)).E} 

= L.C2{X) + L.C - E.fi*{c2iX) + [C]) + 

= L.C 2 {X) + L.C - E.fi*{c 2 {X) + [C]) + 2gc-2- deg Nc/x (by O). 

For the third term, we have 

E.^^*{C2{X) + [C]) = {E\e, fi*{c2{X) + [C])\e)^ = {E\e, fi*{{c2{X) + [C])\c)j, = 0 , 
because C2(X) + [C] G H^{X,'Ia) and hence {c2{X) + [C])|c = 0. Therefore we obtain 

(3.12) Li.C 2 {Xi) = L.C 2 {X) + L.C + 2gc — 2 — degNc/x- 

Substituting (13.7p . ()3.10p . (13.1111 and ()3.12p to the Riemann-Roch formula (13.21) . and noting 
that the product ci. C 2 is a birational invariant, we obtain the required formula ()3.ip . □ 

For proving the assertion (ii) in Proposition l3.ll we next recall that, on the divisor S, there 
are (n —4) numbers of (—l)-curves Cs, Ce,..., Cn- (See the construction in the last section.) 
Since the restriction of the twistor projection e : Z ^ nCP^ to the divisor S is necessarily 
diffeomorphic around the curves Ci and Ci for any i G {5, 6 ,..., n} in the orientation- 
reversing way, the image E(Ci) = E{Ci) is a sphere in nCP^ whose self-intersection number 
is 1. Moreover, these spheres are disjoint since tt is degree two on S. Let ^i G F7^(nCP^,Z), 
i G {5, 6 ,... ,n}, be the cohomology class represented by the sphere 7r(C'j). These form a 
part of orthonormal basis of F7^(nCP^,Z) ~ Z”. We put a* := E*^i G L7^(Z, Z). Since 
= 0, we have an isomorphism Pic Z ~ and we write ^z(aj) 

when we regard the element Oj G H‘^{Z,'L) as an element in PicZ. We then have 

(3.13) ffz{ai)\s^&s{Ci-Ci). 

Then we have the following key vanishing property: 

Lemma 3.3. Let Z and S be as in Proposition \d.li and Cq d S the rational curve on S 
with self-intersection (2 — n) in S. (See (12.31) for the definition of Cq.) Then we have 

H^{ffz{—ab — 06 — • • • — «n) <8) ^Co) = 0 

for the ideal sheaf ^Co ^z- 

Proof. In this proof we write 05,6,...,n and C5,6,...,n for the sum a* and X]5<i<n 

respectively, for simplicity. From the inclusion Cq d S <Z Z we have an exact sequence 

0 —^ ^ ^s{-Co) —0, 

where the two ideal sheaves are taken in ffz- As S' G \F\ we have — —E. By taking a 
tensor product with the sheaf ^z{—Oi^fi,...,n)-, noting 

^z{ — <y-bfi,...,n) ® ^s{ — Co) — ^si — Co — -|- C5,6,...,n) 

by (I3.13P from the choice of the class a*, we obtain an exact sequence 

(3.14) 

0 —)■ ^z( —a 5 , 6 ,...,n) <8) {—E) I^z( —a 5 , 6 ,...,n) <8) J^Co ^s{ — Co — (85,6,...,^ + (^ 5 , 6 ,...,n) “^ 0. 
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Now from the Hitchin’s vanishing theorem noting that the line bundle ^z(±a 5 , 6 ,...,n) 
are real and of degree 0, we have 

H\ffz{-a5,6,...,n) ® i-F)) ~ H\ffzia5A...,n) ® i-F))* = 0. 

Therefore from the cohomology exact sequence of (I3.14p . we obtain an isomorphism 

(3.15) —a5,6,...,n) 'S> J^Co) — H^i^s{ — Co — C'5,6,...,n + <^ 5 , 6 ,...,n))- 
In order to compute the right-hand side, we consider an obvious exact sequence 

(3.16) 0 ffs{ — Co - ^5,6,...,^ + (^ 5 , 6 ,...,n) ^ ^siC5,6,...,n) ^CoUCsUCeU-UCn 1 0. 

Here we have used the fact that the curves 0^,0^,... ,Cn are disjoint from the union 
Co U C 5 U Cg U • • • U Cn. Then noting that Cq U C 5 U Cg U • • • U C,i is simply connected 
from their configuration, we have Ff^{^CouCsuCeU-uCn) — 0- Moreover, we clearly have 

= 0. Therefore from the connectedness of Cq U C 5 U Cg U 
• • • U Cn, the cohomology exact sequence of (I3.16P gives an isomorphism 

(3.17) H\ffs{-Co - C5,g,...,n + C5,g,...,n)) ~ 77^(^s(C5,6,...,n))• 

Moreover, since C 5 ,Cg,...,C„ are (—l)-curves and the surface S is rational, we readily 
obtain = 0. Hence from (13.151) we obtain the required vanishing result. 

□ 

For the purpose of proving the assertion (ii) of Proposition 13.11 let 

(3.18) /ii : Zi ^ Z 

be the blowup of the twistor space Z at the curves Cg U Cg, and let Eq and Eq be the 
exceptional divisors over Cg and Cg respectively. From the inclusion Cq C S C Z, recalling 
that (Cg)^ = 2 — n, for the normal bundle of Cg in Z, we readily have 

(3.19) Ncq/z — ^{3 — n) 0) ^{3 — n) or ^(2 — n) 0 ^(4 — n). 

Accordingly, we have 

(3.20) Cg ~ CP^ X CP^ or F 2 . 

Then by utilizing the transformation formula in Proposition 13.21 we can prove 


Lemma 3.4. Let fj,i : Zi ^ Z be as above. Then we have 

(3.21) x(^Zi, ^Zi{—Eo) 0 0 ae H-+ «n)^ = 0 

for the Euler characteristic of the invertible sheaf on Z\. 


Proof. We decompose the blowup : Zi ^ C as 


Cl 



C, 


where i^i is the blowup at Cg and 1^2 is the blowup at Cg. (We use this strange notation 
only in this proof.) Then we have, with the same notation as in the proof of Lemma 13.31 
noting Cg n Cg = 0 in Ci/ 2 ) 


hl^z{-a5fi,...,n) - Cg ~ 1^2 (^r^^(“Q:5,6,...,n) “ Cg^ 


(3.22) 
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Moreover, since 1^2 is birational, we have, for any coherent sheaf L on .Z^i/ 2 ) 

v^L) ~ L) for any q >0. 

Therefore from ()3.22l) we have 

- 05,6,...,n) - Eq^ - H‘^(^Zi/ 2 , a5,6,..,n) “ for any g > 0. 

Hence we have 

(3.23) x{Ei, — 05 , 6 ,...,n) - Eq^ = x(^Ei/ 2 , vlffz{ - a5,6,...,n) - £^ 0 ). 

Now we are going to compute the right-hand side by using Proposition 13.21 on putting 
L = ffz{ — « 5 , 6 ,...,n), C = Co, and ^ = z/i. For this, we hrst compute as 

L.Co = {^z{ - a5,6,...,n)|5, C'o)^ 

= ( — C'5,6,...,n + C5,6,...,n, Cq)^ (by P.13P) 

= -{C 5 , 6 ,...,n, Co)g (as Ci n Co = 0 for any i E {5, 6,... ,n}) 

(3.24) = 4 — n (as (Cj, Co)^ = 1 for any i E {5,6,... , n}). 

Therefore by the formula in Proposition 13.21 we obtain, recalling that Co is rational, 

(3.25) x(^Eii 2 , i'l&z{ - a5,6,...,n) - Eq^ = x{z, ffz{ - a5,6,...,n)) - {L, Cq)z - 1. 

The hrst term of right-hand side may be computed by Riemann-Roch formula as follows: 

x(^Z, 0’z( - 0 : 5 , 6 ,...,n)) ^ 6 ^ ~ «5,6,...,n)^ 4 ^ ~ «5,6,...,n)^. Cl(Z) 

+ Y 2 ( ~ “5,6,...,n). (ci(Z)^ + C 2 (Z}) + —Cl(Z)c 2 (Z} 

= ^(-4)(n-4)-bl = 5-n, 

where in the second equality we used that 

Oj. aj. Ofc = 0 for any i,j, k (since Oj-s are lifts from the 4-manifold), 
of. ci{Z) =—4 for any i (adjunction formula), 

ai.cf(Z) = ai.C 2 {Z) = 0 (as Ci{Z) and C 2 {Z) are lifts from the 4-manifold [E]), 
ci{Z). C 2 {Z) = 12(x — r) = 24 (Hitchin [T2l p.l35]). 

Thus from (|3.25p and (|3.24l) . we hnally obtain 

x(2’i/2, - 05 , 6 ,...,n) - Co) = (5 - n) - (4 - n) - 1 = 0. 

From ()3.23p . this means the assertion (I3.2ip . □ 

We are still preparing for the proof of Proposition 13.11 (ii). We next show the following: 

Lemma 3.5. Under the situation in Lemma \3.4\ let Si C Zi be the strict transform of S 
into Zi. Then we have an isomorphism 

(3.26) {fl*i{F - 05,6,...,n) - 2Co)|si ~ ^5i(Ci + C 2 + C 3 + C 4 ), 

where we are identifying the eurve Ci in S with the strict transform into Si. Moreover, we 
have an isomorphism 

(3.27) 


{Ui{E Q: 5 , 6 ,...,n) ^Co) ~ 
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Proof. Since the center Cq U Cq for the blowup /ii is contained in the divisor S, the inter¬ 
sections Si n Eq and D Eq are naturally isomorphic to Cq and Cq under fii respectively. 
Hence for the hrst restriction, we calculate, under the identification ~ S' given by ^i, 

{mi(-^ “ a5,6,...,n) - 2iiio}|si {F - a5,6,...,n)|s “ 26*0 

— ~ C'5,6,...,n + (^5,6,...,n) “ 26*0 

— — (^5,6,...,n) “ C'5,6,...,n + <^5,6,...,n} “ 

~ r^(l) - 205,6,...,n - 2Co 

— (200 + <^1,2,3,4 + 205 , 6 ,...,n) — 205 , 6 ,,,,,n “ 20o (by (j2.8p l 

(3.28) ~ Oi,2,3,4, 

where in the third isomorphism we have used the isomorphism ~ — 05 , 6 ,...,n — 

C 5 , 6 ,...,rn which is obtained in (12. 7p . This means the first isomorphism (13.261) in the lemma. 
On the other hand, for the latter restriction, we have 

[F - 05,6,...,n) - 2 O 0 } ~ {F - a5,6,...,n) } l^o (^S Oq O Oq = 0) 

^^^((F-a5,6,....n)lc7o)- 

But since 

{F,Cq)z = {Ks\Co)s = (2 - n) + 2 = 4 - n, 

(oi, Oo)z = (Oj - Oj, Oo)s = -(Oj, Oo)5 = -1 for all f € {5,6,..., n}, 
we obtain 

{F - a5,6,...,n)lco - ^Co((^ - n) + (n - 4)) ~ 

Hence we get the second isomorphism ()3.27p in the lemma. □ 

Now we are able to prove a key proposition, which readily implies a{Z) > 0: 
Proposition 3.6. Let Z and S be as in Provosition \3.1\ Then we have a non-vanishing 

(3.29) H^{z,F ® ffz{-ocr)-aQ -«„)) - C. 

Therefore, the system | T — 05 — • • • — | consists of a single member. 

Proof. We consider the restriction homomorphism of the line bundle /ii(T — a 5 , 6 ,...,n) ~ ‘^Eq 
to the divisor S'! U Eq. The kernel of this homomorphism is computed as, noting fi’^F ~ 
^Zi{Sl Eq Eq), 

hi {F' — a5,6,...,n) — “^Eq — {Si Eq) ~ S'! + ifo + .^0 + hl^z{ — Ol5fi,...,n) “ ‘^Eq — Si — Eq 

— hl^z{—(X5,6,...,n) — Eq. 

Therefore we get an exact sequence 

0 -1 ^l^z(—a5,6,...,n) — Eq -(P — 05,6,...,^) “ 2£'o 

(3.30) > {/4i (T — Q;5,6,...,n) ~‘^^o}\siljEo ^ 

For the section of the last non-trivial term, we have, by (I3.26P and (I3.27p . recalling that 
SiH Eq = Cq transversally and {Ci U (72 U Cs U C^) (7 (7o = 0, 

77° (^1 U Eq, ^i*l {F - 05,6,...,n) - 2Eq'^ ~ C. 
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On the other hand, by the Leray spectral sequence and Lemma 13.31 we obtain 

^z(-a5,6....,n) ® =^Co) , 

and this vanishes by Lemma [331 Moreover, — Eq) = 0 clearly. Hence 

from the cohomology exact sequence of (13.301) . we obtain the desired non-vanishing result. 

□ 

In this and the next subsections we denote by X for the unique member of the system 
\F — — ■ ■ ■ — an\- Then X is the unique member of the system |T -|- 05 a:n|. 

Proof for (a) of Provosition fiOl We have hf{2F) > 2, because 2S and X + X are linearly 
independent divisors belonging to |2T’|. For the reverse inequality, the cohomology exact 
sequence of the exact sequence 0 —> F —> 2F —> 2Kg^ —0 implies hf{2F) < h^{F) + 
h^{2Kg^). But the right-hand side is 1-1-1 = 2 by Propositions 12.21 and 13.II Thus we obtain 
hf{2F) = 2. Hence a{Z) > 1. Since we have a{Z) < 1 as explained right after Proposition 
EH we obtain a{Z) = 1. 

Let $ : Z —>■ CP^ be the rational map induced by the pencil |2F|, and let Z' —>■ Z be an 
elimination of the indeterminacy locus of ‘h which preserves the real structure. (We will an 
explicit elimination later in the next subsection, but here we do not need it.) If is not an 
algebraic reduction, we get a factorization Z' —P ^ CP^ of the morphism Z' —>■ Z —CP^ 
as the Stein factorization, where P —>■ CP^ is a d : 1 (d > 1) map from some curve P. Since 
2F.I = 4 for a twistor line I, only d € {2,4} can occur. If d = 4, a general fiber D' of Z' —P 
satisfies D'.I' = 1 for the inverse image of a generic twistor line 1. This contradicts the 
absence of a divisor F on Z which satisfies D.l = 1 (as |F| = {S}). Hence d 7 ^ 4. If d = 2, 
then taking the real structure into account, a general hber of Z' —> P is a transform of a 
member of |F| on Z. This again contradict |F| = {S'}. Hence itself is a (meromorphic) 
algebraic reduction of Z. □ 

We emphasize that the pencil | 2 F| is generated by the non-reduced member 2S and a 
reducible member X + X as in the above proof. 

3.2. Structure of members of the anti-canonical system of Z. Let Z —?■ nCP^ and 
S € |F| be as in the previous subsection. In this subsection we investigate structure of 
the pencil |2F|. In particular we determine structure of a general fiber of the algebraic 
reduction of Z. We first investigate the unique member X of the system \F — 
found in the last subsection. 

Proposition 3.7. Let X be the divisor as above. 

(i) As a divisor on the surface S G |F|, we have 

(3.31) X\s = 2Co+ 

l<i<4 

(a) X is irreducible, non-normal, and of multiplicity two along the curve Cq. (At this 
stage we do not yet claim that the singularity is ordinary double.) 

Proof. For (i), by a similar computation for obtaining (|3.28p . we have 

X|5 ~ 2Co -b Cl,2,3,4- 

Further it is easy to see from intersection numbers that the system |2Co -b Ci, 2 , 3 , 4 | has no 
member other than 2Co -b Ci, 2 , 3,4 itself. Thus we obtain (i). 
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For the assertion (ii), since the pencil \‘2F\ is generated by 2S and X + X as above, by 
(j3.3ip . we have CqUCo C Bs \ 2F\. Then while it is tempting to conclude that the divisor X 
has double points along the curve Cq, we need to exclude the possibility that X is tangent 
to S along Cq. For this purpose, as in the previous subsection, let fii : Zi ^ Z he blowup 
at Co U Co, and Eq U Eq the exceptional divisor. Then we put 

L' :=fil{2F)-{Eo + Eo). 

We have an identification \2E\ ~ \L'\. We now show that the system \L'\ has the divisor 
Eq + Eq as fixed components. 

As in ()3.19p . we have Nc^jz — ^(3 — n) © ^(3 — n) or Nc^/z — — n) © — n), 

and accordingly Eq ~ Fo or Eq ~ F 2 . When the former is the case, writing ^{0, 1) for the 
fiber class of the projection Eq ^ Cq, we have 

(3.32) Cobo^^(-l,3-n), ^/U^(C|co) - ^(0,4 - n). 

Hence we obtain 

(3.33) L'\eo ci: ^{0, 8 - 2n) © ^(1, n - 3) ~ ^(1, 5 - n). 

This means that, if n > 5, the exceptional divisor Eq, and therefore Eq also, are fixed 
components of \L'\. (The case n = 5 will be considered later.) When — Gi2 — n) © 

^(4 —n), if we denote A for the (—2)-section of the projection Cq ~ F 2 —>■ Cq, and f denotes 
its fiber class, we have, in a similar way for obtaining (I3.33h . 

(3.34) L'\eo -A-{n- 6)f. 

This again means EqU Eq C Bs |C|, if n > 6. 

If Co — Fq and n = 5, we can show Eq C Bs |L'| in the following way. If this did not 
hold, by (I3.33p . there would exist a divisor Y' G \L'\ which satisfies Y'\eq G |^(1,0)|. On 
the other hand, if we still denote Cj and Cj (i G {1, 2,3,4}) for the strict transforms of the 
curves in Z into Zi, the curve Cj (and also Cj) is clearly a base curve of \L'\ by (|3.3ip . In 
particular, Y' has to include the four curves Ci,..., C 4 , and therefore the point Ci 0 Eq has 
to be on a (l,0)-curve for any i G {1,2,3,4}. On the other hand, if Si again denotes the 
strict transform of the divisor S into Zi, we have by (13.321) 

(3.35) Si\eo - ^J'lE - Eq - CoIeo - ^(0,4 - n) © 3) ~ 1). 

Moreover, since blows up the curve Cq (and Cq) in the divisor S, the intersection S'! nCo 
is isomorphic to the center Cq, and therefore irreducible. Furthermore, Si clearly contains 
the curves Ci,... ,Ci. Therefore all the intersection points Eq n Ci {i G {1,2,3,4}) have 
to pass an irreducible (l,l)-curve on Eq. This contradicts the above conclusion that the 
4 points Ci n Eq are on a (1, 0)-curve, which is derived from the assumption Eq Bs \L'\. 
Therefore Eq C Bs |L'|, as claimed. 

Still we need to show that Eq C Bs \L'\ holds also in the case Eq ~ F 2 and n G {5,6}. 
But this can be shown in a similar manner to the above argument, so we omit the detail; 
we just mention that, instead of (|3.35p . we have 

(3.36) 5i|Eo-^ + 2f. 

Now since the pencil |/i{(2F)| has the divisor 2Eq + 2Eq as fixed components, any member 
of the pencil |2F| has multiplicity two along the curve Cq. Hence so is the member X + X. 
But from (j3.31l) we have X Cq = 0. Therefore the divisor X itself has double points 
along the curve Cq at least. But from (|3.31l) . X can have at most double points along Cq. 
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Therefore the multiplicity of X along Cq is two. Finally, since X G |T — a 5 ^ 6 ,...,n|) if ^ 
were reducible, we have X = D + D', for some degree-one divisors D and D'. Then D + D 
is a member of \F\, and D D ^ S as S is irreducible. This contradicts h^{F) = 1 in 
Proposition 13.II Hence X is irreducible. □ 

Now the next proposition is obvious from (|3.31l) if we recall that the pencil \2F\ is 
generated by the divisors 2S and X + X: 

Proposition 3.8. For the base locus of the anti-canonical system \2F\, we have 

Bs|2F| = ( U a)u( U C,). 

0<i<4 0<i<4 

Therefore if : Zi —Z is the blowup at Cq U Cq and Eq U Eq is the exceptional divisor 
as before, and if we put 

(3.37) Li:=yil{2F)-2{Eo + Eo) 

this time, then by Proposition 13.71 (ii), we have an isomorphism |2T| ~ |Li|. In order to 
determine structure of a general member of the original pencil |2T|, we look at the behavior 
of the pencil |Li| when restricted to Ei: 

Lemma 3.9. (i) We have an isomorphism 

(3.38) Li\eo‘:^K~^. 

(ii) The restriction map H^{Zi, Li) H^{Eq, Li) is injective. Therefore the restriction 
of the pencil \Li\ to Eq remains to be a pencil. 

(Hi) The last pencil on Ei is generated by the twice of Si\eq G \^Eo I which is smooth, 
and an anti-canonical curve which intersects the curve S'iIeq transversally at four 
points. 

(iv) A general member of the last pencil is a non-singular elliptic curve, which is 2 : 1 
over Cq under the projection Hi\eo '■ -®o ^ Cq. 

Proof. Let C Zi be the strict transform of S into Zi as before. Then since Si G 
|/i*F — Eq — Eq\, we have 2Si G |Li|. Hence Li\eq — 2Si\eo. Then from (I3.35p (in the case 
Eq ~ Fq) and ()3.36j) (in the case Eq ~ F 2 ), we obtain the desired isomorphism (I3.38j) . 

Next, to show the injectivity of the restriction map, let Xi be the strict transform of the 
divisor X into Zi. Then since the pencil |Li| is generated by 2Si and Xi + Xi, it suffices 
to show the two curves 2 Si|ep and (Xi + Xi)\eq are different. By (|3.28p . we have 

(3.39) Xi|5^ = Cp2,3,4- 

This clearly means Xil^;^ 7 ^ Si|eo- Moreover Xi n E'o = 0 by (I3.3ip and hence (Xi + 
Xi)\eq = XiIeq. Therefore 2 Si|eo 7^ (^1 + ^i)\eo: and we obtain (ii). 

For (iii), since the pencil |Li| is generated by 2Si and Xi +Xi, again writing Cq for the 
intersection SiCiEq, it suffices to show that the restriction Xi\eq, which is an anti-canonical 
by (|3.38p . is a curve which intersects Cq transversally at the four points pi := CiPi Eq, 
i G {1,2,3,4}. (See Figure [2j) From (I3.39P we have {pi,P 2 ,P 3 ,P 4 } C Xi andXinE'o 7 ^ Cq. 
On the other hand we have 

{X\e„Cq)e, = K-^I-KeT = (l/2)c?(So) = (1/2) -8 = 4. 

This means (X n Eq) 0(70 = {pi)P 2 ,P 3 ,P 4 } and each of the intersections is transverse. 
Thus we obtain (iii). This means that the base locus of the pencil is {pi,P 2 -,P‘i-,Pi}- Hence 
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Figure 2. Exceptional divisor of the blowup : Zi ^ Zq. The curves 
Ci-s are transversal to Eq. Dashed circles are a general member of the anti- 
canonical system on Eq. 

by Bertini’s theorem, a general member of the pencil can have singularities only at the 4 
points. But from the last transversality, this cannot happen. Thus a general member of the 
pencil is a non-singular, and it has to be an elliptic curve which is 2 : 1 over Cq, since it is 
an anti-canonical curve. Thus we obtain (iv). □ 

Later in the proof of Theorem 13.111 we will see that the intersection Xi\eq is a smooth 
elliptic curve. 

In order to reveal interesting geometric properties of the twistor space, we determine the 
set of C*-fixed points on the twistor space. For this, we recall that each of the curves Cj, 
1 < i < n, is C*-invariant and there are exactly two fixed points on each of these curves, 
one of which is the intersection with the curve Cq. Let li be the twistor line that passes the 
other fixed point on Cj. These n twistor lines are C*-invariant. Then we have: 

Lemma 3.10. For each i € {1,2,... ,n}, let h be the twistor line as above. Then the set 
of C*-fixed points on the twistor space Z consists of the two curves Cq and Cq, the eight 
points li n {Ci U Ci), i € {1, 2, 3,4}, and the (n — 4) twistor lines h, i € (5, 6,... , n}. 

Proof. The divisor S G |F| is C*-invariant, and from the construction of S, the set of C*- 
fixed points on S consists of the curve Cq U Cq and one of the two fixed points on the curves 
Ci and Cj for 1 < i < n. From computations using local coordinates, it is easy to see 
that if i G {1, 2, 3,4}, the twistor line h has exactly two fixed points h n {Ci U Ci), while if 
i G {5,6,..., n}, the twistor line h is point-wise fixed by the C*-action. Then by Lefschetz 
fixed-point formula, noting xi^) = 2n-|-4, it follows readily from this that these are all the 
fixed points of the C*-action on Z. □ 

We call these (n — 4) twistor lines k, i G {5, 6 ,..., n}, as C*-fixed twistor lines. 
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Now we can prove the main result of this subsection, which in particular implies that the 
twistor spaces we have discussed satisfy the property that a general fiber of its algebraic 
reduction is birational to an elliptic ruled surface: 

Theorem 3.11. Let n > 4 and Z he a twistor space on nCP^ with C*-action, which has the 
rational surface S constructed in Section 2 as a real (single) member of\F\ as in Proposition 
I3.il Then we have: 

(i) A general member of the pencil \2F\ is birational to a ruled surface over an elliptic 
curve. Moreover, the two rational curves Cq and Cq are ordinary double curves of 
these surfaces. 

(ii) The unique member X of the system |F —05 —• • •—a^l in Proposition \3. 7| is birational 
to a Hopf surface. Moreover, the curve Cq is an ordinary double curve of X. 

Proof. The assertions about double curves in (i) and (ii) are now obvious from Lemma 13.91 
(iv). For proving the remaining assertion in (i), we first see that each member of the pencil 
\2F\ is C*-invariant. For this we notice that each point of the image of Cq under the twistor 
fibration Z —>■ reCP^ is fixed by the S'^-action on nCP^ corresponding to the C*-action on 
Z. This means that under holomorphic coordinates (x, y, z) in a neighborhood of a point of 
Cq for which Cq = {x = y = 0}, the 5^-action is concretely given by {x,y,z) i-A {tx,ty,z), 
t £ = 17(1). Therefore the C*-action induced on the exceptional divisor Eq is trivial. 

Since the restriction map H^{Zi,Li) —>■ H^{Eq, Li) is injective as in Lemma 13.91 and is 
C*-equivariant from C*-invariance of Cq, this means that each member of the pencil \2F\ is 
C*-invariant. 

Take a general member Y of the pencil \2E\, and let Ti E \Li\ be the strict transform 
of Y into the blowup Zi. Then Yi is also C*-invariant, and the two intersections Fi H Eq 
and li nFio are smooth elliptic curves on Eq by Lemma [3.9l (iv). whose points are C*-fixed. 
Therefore, if Yi denotes an equivariant resolution of Yi (including the case Fi = Yi if Yi is 
non-singular), the strict transforms of the intersections Yi H Eq and Yi H Eq into Fi are also 
C*-fixed elliptic curves. In particular, a non-singular minimal model of the surface Fi has 
a C*-fixed point. Therefore by the classification of compact complex surfaces admitting a 
non-trivial C*-action which has a fixed point obtained in [23] and [TO], Fi is birational to one 
of the following surfaces: a rational surface, a ruled surface over a curve of genus > 1, or a 
Vll-surface. But a non-trivial C*-action on a rational surface cannot have an elliptic curve 
which is point-wise fixed. Also, a ruled surface over a curve of genus > 1 does not have an 
elliptic curve. Therefore Fi is birational to an elliptic ruled surface or a Vll-surface. But by 
the classification of a non-trivial C*-action on a Vll-surface with a fixed point obtained in 
uni, such a C*-action on a Vll-surface cannot have two elliptic curves which are point-wise 
fixed. Hence Fi is birational to an elliptic ruled surface, and we obtain (i) of the theorem. 

For the assertion (ii), let Xi be the strict transform of X into Zi. Then the intersection 
Xi n Fio is a curve whose points are fixed by the induced C*-action. Let u : Xi ^ Xi 
be a desingularization which preserves the C*-action. {vi might be an identity map.) We 
first show that Xi does not contain an irreducible curve D which is point-wise fixed by the 
C*-action and which is different from any component of the curve v~^{X\ n Eq). If the 
image pi{v{D)) is a curve, then it must be one of the fixed twistor line h-s from Lemma 
13.101 But if this were actually the case, we would have h d X for some fixed twistor line U 
{5 < i < n). This contradicts 

(3.40) 


Is — 2Co -I- <71^2,3,4 
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obtained in Proposition 13.71 since li is disjoint from the right-hand side of (13.401) if i G 
{5, 6,... , n}. Thus we have ^i{v{D)) / li for any i € {5, 6,... , n}. Hence ^i{v{D)) has to 
be a point (if D would exist). But if ^i{v{D)) is a point, then the closure of a general orbit 
of the C*-action on X passes the point This cannot happen as is readily seen from 

the fact that the point on nCP^ over which the point belongs must be an isolated 

fixed point of the S'^-action corresponding to the C*-action on Z. Thus we have shown that 
the desingularization Xi does not contain an irreducible curve D which is point-wise hxed 
by the C*-action and which is different from any component of v~^{Xi D Eq). 

Next by using this we show that Xi is a Vll-surface. From Lemma 13.91 (iii), the inter¬ 
section Xi n Eq is an anti-canonical curve on Eq. Moreover, regardless of whether Eq ~ Fq 
or F 2 , it can be readily seen that the curve Xi\eq does not have a non-reduced component. 
This curve Xi\eq is point-wise fixed by the C*-action. Hence if Xi is birational to a ruled 
surface, from the absence of the curve D above, there has to be a point on Xi such that the 
closure of a general orbit on Xi of the C*-action intersects. This cannot happen as before, 
and therefore Xi cannot be a ruled surface. Hence by the above cited result of [TO], Xi is 
birational to a VH-surface. Then a finer classification result |10l Klassifikationssatz] means 
that if a VH-surface admits a non-trivial C*-action which has a fixed point, then the surface 
is a Hopf surface or a parabolic Inoue surface mm- Both of these surfaces with C*-action 
has exactly two connected curves, one of which is a non-singular elliptic curve which is 
point-wise fixed by the C*-action. The two possibilities are distinguished by another curve; 
if the surface is Hopf, then the curve is a non-singular elliptic curve which is an orbit of the 
C*-action, and if the surface is parabolic Inoue, then the curve is a cycle of rational curves. 

We show that the surface cannot be a parabolic Inoue surface. For this, we hrst note that 
the intersection Xi has to be a smooth elliptic curve from the above description of the C*- 
action on VH-surfaces. This in particular means that Xi is smooth at points on Xi\eq- So 
the self-intersection number in Vo makes sense. Recalling that Vi € —a 5 ^ 6 ,...,n) —2£'o|, 

it can be computed as 

(3.41) (Solxi)^ = Eq.Eq.Xi = Eq.Eq.{ix\{E — 0 : 5 , 6 ,...,n) — 2Fio}- 
Moreover we have 

E,.E,.^i\E={^i\{E\c,).Eii\E,),,^ 

(3.42) = -E.Cq = -Kg^.Co = n-A, 

-Eo.F;o.Ml(«5,6,...,n) = Eo\eo) Eo 

(3.43) = -(C5,6,...,n - C'5,6,...,n, C'o)s = —{n — 4). 

Further, in the case Eq — Fq, we have 

Ei = {EQ\E,f 

(3.44) = (-1, 3 - n).(-l, 3 - n) = 2(n - 3), 

and the same conclusion for the case Eq ~ F 2 . Substituting (j3.42l) - (l3.44p into (I3.41|) . we 
obtain 

{EQlxif = {n-A) + {n-A) - 4(n - 3) 

(3.45) =2(2-n). 

Therefore, if Vmin denotes the minimal model of Xq, since the self-intersection number of 
the elliptic curve in Vmin corresponding to Eq\xi is zero, we can obtain the minimal model 
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Xjnin from the desingularization Xi by blowing-up (—l)-curves that intersect the elliptic 
curve Xi\eq 2(n — 2) times repeatedly. In particular, Xi has at least 2(n — 2) isolated fixed 
points of the C*-action. 

We next show that the curves Ci, C 2 , C 3 and C 4 (the strict transforms into Zi) are (—1)- 
curves on Xi. For this, from the inclusions C, C 5i C Xj, we obtain an exact sequence 
0 ^ ^Ci/Si ^Ci/Zi ^ 0. Obviously we have iVci/Si - ^Ci/S - ^(-2). 

Further, we have — ^s/z ~ C'o ~ C'o — — Cq — Cq, and therefore 

deg(iV5i/Zi IcJ = • a - Co • Q - Co • Ci = 0 - 1 - 0 = -1. 

Hence from the last exact sequence, we obtain Nq./z^ — 0'{—2) © From this, we 

obtain 

^Xi/ZilCi - - (-’^i+^i)l© - 25'ilci - 2(5'i|sJ|ci - 2(i^5^-Co-Co)|ci - '^©(- 2 ). 

Hence by using the inclusion Ci C Xi C Zi, we can derive Nc^/x-^ — ^(“1)- Thus each 
Ci is a (—l)-curve on Si. Hence we can contract these four curves on Si, and consequently 
the self-intersection number of the curve Eo\xi becomes 2(2 — n) + 4 = 2(4 — n) on the 
blowing-down. 

By Lemma 13.101 as X ~ C — a 5 , 6 ,...,n; we have X.li = 2, and the intersection X n 
consists of two points for any i E {5, 6 ,... , n} in a generic situation, and each of the two 
intersection points is joined with the elliptic curve CqIxi by a (—l)-curve. Moreover if 
we blow-down all these 2(n — 4)-curves, the self-intersection number of the curve Eq\x^ 
becomes precisely zero. If X n happened to consist of one point (for some i), this point 
is an ordinary double point, and by resolving it we obtain a (—2)-curve. This curve has 
exactly two fixed points of the C*-action, and one of the two points intersects (—l)-curve 
which joins the (—2)-curve with the elliptic curve Eq\x^- Therefore again by contracting 
these (—l)-curve and (—2)-curve subsequently, we again obtain that the contribution from 
the fixed twistor line li for increasing the self-intersection number of the elliptic curve Eq\x-^ 
is again 2. 

Thus all the intersections Xr\li are joined by exceptional curves for obtaining the minimal 
model Xmin- On the other hand, since a general member of the pencil 12X1 is irreducible, 
the special member X + X is connected, and therefore X D X has to be a curve, which is of 
course C*-invariant. The classification result [101 Klassifikationssatz] means that this curve 
is either a smooth elliptic curve or a cycle of rational curve, depending on whether Xi is 
birational to a Hopf surface or a parabolic Inoue surface respectively. But the latter cannot 
happen since XnX cannot have any fixed point of the C*-action anymore. Hence Xi, and 
so X, is birational to a Hopf surface, as asserted. □ 

The intersection XnX has the following characteristic properties: 

Proposition 3.12. The intersection XnX is a smooth elliptic curve, which is a single 
orbit of the C*-action on Z. Moreover, X D X is homologous to zero. 

Proof. From the above proof of Theorem 13.111 we just need to show that the curve XnX 
is homologous to zero. For this, it suffices to show 

(3.46) X.X.y = 0 for any y E H'^{Z, Z). 

Let be elements of LI^(nCP^,Z) such that | 1 < i < n} is an orthonormal 

basis of FI^(nCP^,Z), and put Oj := 7 r*^j. (We have already chosen for 5 < i < n right 
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before Lemma [331) 
(n + 1) elements: 


Then by [THl p.31] or [25], H‘^{Z,Z) is generated by the following 


1 1 
-F + - y 

9 9 


a,; 


l<i<n 


and ai, 1 < i < n. 


As X = F — a5,6,...,n in we have 

X.li = F‘^-{al + al + --- + al) in H^{Z,Z). 


Therefore if ?/ = a* for some i, we have X.X.y = 0 since F'^.ai = 0 and aj.ai = 0 for any i 
and j. Moreover, we have 

X.X . ^F + 'y ^ Q.i'j = F^ — (q:| + Qfg + • • • + ct^). F 

l<i<n 

= (8 - 2n) - (n - 4) ■ (-2) = 0. 


Hence we obtain (I3.46|) . 


□ 


3.3. Elimination of the base locus of the pencil |2F|. As in Proposition 13.81 the anti- 
canonical system 12^1 of the present twistor spaces has base curves. In this subsection, 
we give a sequence of blowups which completely eliminates the base locus. This gives an 
explicit holomorphic model for the algebraic reduction of Z. We begin with the following 
easy 


Proposition 3.13. Denoting (Pi,... ,(74 for the strict transforms of the original curves in 
Z into the blowup Zi, for the line bundle Li = //^(2T) — 2Eq — 2Eq, we have 

(3.47) Bs \L\\ = {Cl U C 2 U C^ U Ci) U {Ci U C 2 U C^ U Ci). 

Moreover, a general member of the pencil \Li\ is non-singular. 

Proof. As in (j3.39p . if Xi is the strict transform of X into Zi as before, we have Aiil^ = 
Cl, 2 , 3 , 4 - Moreover, the pencil |Li| is generated by 25i and Ai + Ai. These imply p.47p . 
Therefore by Bertini’s theorem, a general member of the pencil |Li| can have singularity 
only on Ci, 2 , 3,4 and Ci, 2 , 3 , 4 . Since Ci-s are disjoint, A 1 I 5 = Ci, 2 , 3,4 already means that 
X\ is smooth on Ci^ 2 , 3 , 4 - Similarly, X\ is smooth on Ci^ 2 , 3 , 4 - These mean that a general 
member of |Li| is also smooth on Ci^ 2 , 3,4 and Ci^ 2 , 3 , 4 - Cl 

Thus the double curves of a general member of the pencil |2T| are completely resolved 
by the blowup /ii. For the resolved divisors, we have the following 

Proposition 3.14. LetY € |2T| be a general anti-canonical divisor of Z, andYi its strict 
transform into Zi. Then we have 

Ky, ^ -{Eo + Eo)\y„ = 4(2 - n). 

Moreover, Yi contains the curves Ci and Ci (i € {1,2,3,4}J as {—l)-curves. 

Since this can be shown easily by using adjunction formula and the standard exact 
sequence associated to the inclusions Ci d Si C. Zi and Ci <zYi d Zi, we omit a proof. 

Next we investigate the way how general members of the pencil |2T| intersect along the 
curve Ci for i € {1,2,3,4}: 

Proposition 3.15. A general member of the pencil \2F\ is tangent to the divisor X along 
the curve Ci U Ci for any i € {1, 2,3,4} to the second order. 
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Proof. Let x be a defining section of the divisor X G \F — a^ 6 ,...,n|- Similarly, let s G H^{F) 
be a non-zero element, so that (s) = S. Then since S is non-singular, and since X is non¬ 
singular at least on the curve Cj (i € {1,2,3,4}) except possibly at the intersection point 
Ci n Co, from ()3.3ip . we can take s and x as a part of local coordinates of Z around the 
point. Then since the pencil |2T| is generated by 2S and X + X, a. defining section of a 
general member of the pencil is of the form 

(3.48) XX = cs^, c G C*. 

Moreover, from (I3.3ip . the divisor X does not intersect Ci^ 2 , 3 , 4 ) and therefore x 7 ^ 0 for any 
point of Ci^ 2 , 3 , 4 - From the equation (|3.48p . this means that a general member of 12^1 is 
tangent to X along Ci^ 2 , 3,4 to the second order. □ 

Note however that the intersection of the divisors S and X is transverse along Ci^ 2 , 3 , 4 - 

Proposition [3T5] means that, even after we blow up Zi at the base curves (j3.47p . the 
strict transform of the pencil still has base curves (which is identified with the original base 
curve (j3.47p l. Because the tangential order of general members of the pencil is two, it is 
not difficult to show that if we blow up the base curves (j3.47p . then the resulting pencil has 
no base point. In summary, we need the next 3 steps for the elimination of the base locus 
of |2F| on Z-. 

1 . The blowup fj.i : Zi ^ Z at the curves Cq U Cq. This resolves the double curves of 
general members of the pencil | 2 T|. 

2. The blowup Z 2 Z\ at the curves Ci U 6*2 U Cs U and the conjugate curves. 
This transforms the touching situation of general members along these eight curves 
into transversal intersections. 

3. The blowup Z 3 — Z 2 at the transversal intersections of general members of the 
pencil. This blowup separates the intersections completely. 

4. Existence of a twistor space on 5CP^ with a pencil of K3 surfaces 

In this section, we show that, on 5CP^, there exists a twistor space Z satisfying a{Z) = I 
whose general hber of the algebraic reduction is a K3 surface. A proof proceeds in a similar 
way to the case of elliptic ruled surfaces employed in Sections 2 and 3, but the proof is 
pretty easier in that we do not need complicated calculations for cohomology groups like 
we did in Section 3.1. 

First we construct a rational surface S with cf(S') = —2 which will be included in a 
twistor space on 5CP^ as a real member of the linear system \F\. For this, we start from 
the product surface CP^ x CP^. On it we put a real structure that is the product of the 
complex conjugation and the anti-podal map. We mean by a (fc, l)-curve on CP^ x CP^ a 
curve of bidegree {k,l). We hrst take distinct two non-real (1, 0)-curves. We suppose that 
these are not mutually conjugate to each other. Next we take distinct two (0, l)-curves, 
which are not mutually conjugate to each other. (Each one cannot be real from the choice 
of the real structure on CP^ x CP^.) Let D be the sum of all these four curves. This is a 
reduced, non-real (2,2)-curve. In Figure[3l the components of D are displayed as solid lines. 
Then the conjugate curve D is also a reduced, non-real (2,2)-curve, whose components are 
displayed as dashed lines in Figure [3l The intersection DnD consists of 8 points. Next we 
choose any one of the four double points, say p, of the curve D. Let 


e : S ^ CP^ X CP^ 
















21 


p 
























'p 


Figure 3. Blown up points on CP^ x CP^ to construct the surface S 

be the blowup at the 10 points {D Cl D)[J {p,p}. Let a be the real structure on S which is 
a natural lift of that on CP^ x CP^. For this surface S, we have the following 

Proposition 4.1. Let S be the rational surface with cf(S) = —2 constructed as above. Then 
= 0 if m is odd and C if m is even. In particular, k~^{S) = 0 

for the anti-canonical dimension of S. 

Proof. Let C be the strict transform of the curve D into S, and := €~^{p) the exceptional 
curve over p. Then a double point p of H is separated by e, and C is a chain of four rational 
curves. The self-intersection numbers of these four rational curves are readily seen to be 

(4.1) _3,_2,-2,-3 

respectively. Of course the same is true for the other chain C. Note that C fl C = 0. 
Moreover, noting C ~ e*D — 2C^, we easily obtain linear equivalences 

(4.2) C-iL-i-Cs + Cg and C ~ + C 5 - C 5 . 

From this we obtain ~ C -|- C. Thus the sum C -|- C belongs to \2Kg^\. Since the 

intersection matrices for C and C may be readily seen to be negative definite from (14.11) , by 
a property of the Zariski decomposition, we obtain that H^{2mKg^) ~ C for any m > 0. 
The other assertion H^{{2m — l)Kg^) = 0 can be shown in a similar way to the same 
assertion in Proposition 12.21 fill. So we omit the detail. □ 

Similarly to what we did in Section 3.1, let 05 G be the cohomology class 

determined from the curve 6*5 on S. So we have 0515 = Cs — C 5 in 11“^{S, 'll). The next 
proposition amounts to Propositions 13.11 and 13.61 in the case for twistor spaces studied in 
Section 3, but the proof is much easier basically because n = 5. 

Proposition 4.2. Let Z be a twistor space on 5CP^ which includes the surface S as a real 
member of |T|. Then we have: 

(i) The system |F| consists of the single member S. 

(a) The system |T — 05 ] consists of a single member. If X denotes the member, X is 
irreducible and X\s = C, where C is the above chain of four curves on S. 
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(in) The anti-canonical system \2F\ of Z is a pencil, and is generated by a non-reduced 
member 2S and the reducible member X X. 

(iv) a{Z) = 1, and the algebraic reduction of Z is induced by the meromorphic map 
associated to the pencil \2F\. 

Proof. The item (i) immediately follows from = 0 in Proposition 14.11 For (ii), we 

consider the standard exact sequence 

(4.3) 0 —)• ^zi- 015 ) — F - —)• (T-a 5)|5 —^ 0. 

Then from the fact that (Cs)! = —1 on S, exactly in the same way to the final part of the 
proof of m Proposition 3.3], we obtain, by Riemann-Roch formula and Hitchin’s vanishing 
theorem, that 

H\^zi-a5)) = 0. 

Hence from the cohomology exact sequence of (|4.3p we obtain an isomorphism H^{F—a^) ~ 
H^{[F — q: 5 )|s). Moreover, from an isomorphism in (14.21) . we have 

[F-a5)\s^Ks^-iC5-C5)c^C. 

Hence H^{{F — 0 : 5 ) 15 ) ~ Irreducibility of the unique member X of |F — 05 ] 

again follows from |T| = {S'} as in the proof of ProDosition l3.7l (ii). This proves the assertion 
(ii) of the proposition. 

For (iii) and (iv), since 2S and X X are linearly independent anti-canonical divisors 
of Z, we have h^{2F) > 2. Further from the exact sequence 0 ^ F ^ 2F —>■ > 0 

and recalling h^{F) = 1 and h^{2Kg^) = 1 from Proposition 14.11 we obtain h^{2F) < 2. 
So hf{2F) = 2. Hence a{Z) > 1. On the other hand, since n ^(S) = 0, we have a{Z) < 
1 -|- K~^{S) = 1. So a{Z) = 1. Finally the second assertion in (iv) can be obtained in the 
same way to the final part of the proof of Proposition 13.11 (which is at the end of Section 
3.1). □ 

Next we will determine structure of a general member of the pencil |2T|. For this we 
first see 

Proposition 4.3. Let Z be a twistor space on 5CP^ which includes the surface S as a real 
member of |T| as in Proposition 14-31 Then we have Bs |2T| = C U C. 

Proof. Since the pencil |2T| is generated by the two divisors 2S and X-\-X as in Proposition 
14.21 we have Bs |2F| = S' n (X U X). This is the chains C U C by Proposition 14.21 (ii). □ 

Thus the chains C U C play a similar role to the curves (j2.5j) in the case of the twistor 
spaces discussed in Section 3. Main difference is that in the present case, the restriction 
X |5 is a reduced divisor on S, while it is non-reduced for the other type of twistor spaces 
as in (j3.3ip . This yields the following difference on the structure of a general member of 
the pencil | 2 T|: 

Theorem 4.4. Let Z be a twistor space on 5CP^ which includes the surface S as a real 
member of \F\ as in Proposition \4.3\ Then a general member of the pencil \2F\ is birational 
to a K3 surface. In particular, a general fiber of the algebraic reduction of Z is birational 
to a K3 surface. 

Proof. Recalling that Bs |2T| = C UC, let 

p-i : Zi ^ Z 
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be the blowup of Z at the two chains CuC, and EiiJEi the exceptional divisor over CuC. 
The restrictions ^jli\ei '■ Ei ^ C and : Ei ^ C are CP^-bundle maps, and Z\ has 

one ordinary double point on each of the fibers over a double point of C and C. Then as 
X |5 = C as in Proposition 14.21 the divisors X and S are already completely separated in 
Zi. Define 

Li := fi\{ 2 F) — El — El. 

Then from Proposition 14.31 we have an isomorphism \Li\ ~ |2F|. Since the pencil 12^1 is 
generated by 2 S and X + X, the pencil \Li\ is generated by, this time, 

25*1 T El + El and Xi + Xi, 

where 5i,Xi and Xi are strict transforms of S,X and X into Zi respectively. Since X and 
5 are already separated in Zi as above, we have 

(4.4) Bs|Li| = (Xi n.Ei) U (Xi nEi). 

Both Xi n El and Xi n are chains of curves which are isomorphic to the original chains 
C and C respectively by /ii . 

As above, Zi has one ordinary double point over each of the double points of the chains 
C and C. Let q £ C he any one of the three double points of the chain C, and suppose 
that the divisor X (in Z) is singular at q. Then the strict transform Xi passes the singular 
point of Zi over the point g iff X has a singularity at q, as one can readily be seen from 
computations using local coordinates. Regardless of whether q £ SingX or not, let 

^2 ■ Z2 ^ Zi 

be the blowup at the base curve (14.41) of the pencil |Li|. Let E 2 and E 2 be the exceptional 
divisors over the chains Xi n Ei and Xi n Lii respectively. While Z2 has singularities, the 
blowup fi2 already eliminates the base locus of the pencil |2F| and \Li\. Namely, if we put 

L2 := (^ 2^1 — E2 — E2, 

then we have Bs IL 2 I = 0- 

Type of the singularities of Z 2 depends on whether q £ SingX. If g 0 SingX, over 
the point q, the variety Z2 has exactly two ordinary double points, one of which appears 
from the first blowup ;Ui : Zi —>■ Z, and the other of which appears from the second 
blowup fj ,2 ■ Z 2 ^ Zi. So both of the singularities admit a small resolution. On the other 
hand, if g € SingX, the ordinary double point of Zi splits by the blowup ^2 '■ Z 2 ^ Zi 
into two singularities, both of which can be locally written by an equation xy = zw^ in 
C^{x,y, z,w) in local coordinates. This singularity also admits a small resolution, which 
may be concretely obtained by blowing-up the plane {x = tc = 0 } in the last expression. 
Taking this small resolution for each of the two singularities, both are transformed into an 
ordinary double point. So these again admit a small resolution. Let 

■ Zs ^ Z2 

be any one of the small resolutions obtained this way, which preserves the real structnre. 
We put 

L3 ■■= y*2L2. 

Then since Bs IL 2 I = 0 as above, we have Bs IL 3 I = 0. Let 


,1 
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be the morphism induced by the pencil Bs IL 3 I. From the construction, there is a natural 
identification between the two pencils 12^1 on Z and IL 3 I on Z 3 , and members of \2F\ are 
naturally identified with fibers of the morphism < 1 > 3 . Hence in order to show the theorem, 
it is enough to see that a general fiber of d >3 is a K3 surface. 

For this, we write ^ for the composition /ii o o ^ 3 ; and in the following Ei and E 2 
mean the strict transforms of the original exceptional divisors into Z^. Then from the usual 
transformation formula for the canonical bundle under a blowup, outside the 6 singularities 
of the chains C U C in Z, we have 

(4.5) K-^ ~ -El-El- 2 E 2 - 2 E 2 . 

Since this is valid outside codimension two locus, by Hartogs’ theorem, (j4.5p is valid on the 
whole of Z 3 . But the right-hand side of (j4.5p is exactly the line bundle L 3 . Hence a general 
fiber of 4>3 is an anti-canonical divisor on Z 3 . Hence for a general fiber Hj of 4 > 3 , we have 
iFy-g ~ 0. To complete a proof, it suffices to show 0) = 0. For this we consider the 

standard exact sequence 

0 -^ 0 Z 3 {-Y 2 ,) - 0Zz -^ ^ 0. 

As 13 € as above, we have 0Zz{—Yz) — Kz^ for the first term. Hence [0Zzi—Y^)) is 

dual to H‘^{0Zz)- The latter is of course isomorphic to H‘^{0z) from birational invariance. 
Moreover, we have H‘^{0z) = 0 since this is again dual to H^{Kz), which vanishes by 
Hitchin’s vanishing theorem. Thus ^3 is a K3 surface, as asserted. □ 

Of course, the morphism 4'3 : Z 3 —CP^ obtained above may be regarded as a holomor- 
phic family of K3 surfaces. The two fibers corresponding to the divisors 2S and X + X are 
degenerate fibers of this fibration. Thus the twistor spaces in Theorem 14.41 provide degen¬ 
eration of K3 surfaces under a non-Kahler setting. In this regard, it might be interesting to 
see if how one can make these degenerations to be semi-stable, and after that, which type of 
degenerations occur 0122 ]. We note that the morphism <^3 is induced by the anti-canonical 
system of Z 3 , and therefore the canonical bundle of Z 3 is trivial around the singular fibers. 

5. Existence of the twistor spaces and dimension of the moduli spaces 

5.1. Existence. In this subsection we show that the twistor spaces investigated in Sections 
3 and 4 actually exist. Recall that both types of the twistor spaces are characterized by the 
complex structure of the (unique) member S of \F\. Thus it is enough to see that for such a 
prescribed surface S, there exists a twistor space Z having S' as a member of \F\. We show 
this by deforming known example of a twistor space Zq on nCP^ having a divisor belonging 
to |Fzq I, in such a way that the divisor is preserved and deformed into the prescribed surface 
S. 

Let n > 5 be any integer. First we show the existence of a twistor space Z on nCP^ 
enjoying the assumptions in Theorem 13.111 For this, we consider the twistor space of a 
self-dual metric on nCP^ constructed by Joyce m- These metrics admit a T^-action, and 
its natural lift to the twistor space generates a holomorphic (C* x C*)-action. By the result 
of Fujiki [7|, the closure of a generic orbit of the (C* x C*)-action is a non-singular toric 
surface, and the toric surface is uniquely determined from (the isomorphism class of) the 
T^-action on nCP^. Conversely, the the toric surface uniquely determines the T^-action on 
reCP^ of a Joyce metric. Thus in order to specify the T^-action of the Joyce metric, it is 
enough to specify the toric surface. 
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Figure 4 . deformation from Sj to S for the case of elliptic ruled surface 


For specifying the toric surface, we consider the product CP^ x CP^ equipped with the 
real structure used in the beginning of Section 4. We again take a reducible (2, 2)-curve 
consisting two (1,0)-curves and two (0, l)-curves, but this time we take them in a way that 
the (2, 2)-curve becomes real. We make an iterated blowup at each of the four double points 
in the way as displayed in Figure [H Here, the arrows mean to blowup the exceptional curve 
at the point which corresponds to the direction indicated by the arrow. Let Sj be the toric 
surface obtained by this blowup. Since we blowup CP^ x CP^ precisely 2n times, we have 
= 8 — 2n for Sj. Also Sj admits a natural real structure as a lift from CP^ x CP^. 
Then there exists a Joyce metric on nCP^ whose twistor space has the toric surface Sj as 
a T^-invariant member of the system \F\. 

We consider a deformation of Sj preserving the real structure in a way displayed in 
Figure [H Namely we shift the pair of a point and one arrow on lower left in the vertical 
direction, and at the same time, displace all vertical (n — 4) arrows on upper left in the 
vertical direction to split them into distinct (n — 4) points. We move the points on the right 
side as determined by the real structure from the left side. 

Let S be the surface obtained from CP^ x CP^ by the above blowing up. Note that if 
n = 4, S' is nothing but the relatively minimal elliptic surface So constructed in Section 
2. We also note that this deformation (of Sj into S) preserves a C*-action; we just need 
to consider the product of a standard C*-action on horizontal direction and the trivial C*- 
action on the vertical direction. In summary the surface S in Theorem [3TT] is obtained from 
the toric surface Sj by a small deformation preserving the real structure and a C*-action. 

Once this is obtained, it is almost automatic to show the existence of a twistor space Z on 
nCP^ having S as a real member of the system |F|. For this, letting Zq be the twistor space 
of a Joyce metric having the divisor Sj as above, we consider deformation of the pair {Zq, Sj) 
preserving the C*-action and the real structure. Then because H‘^{Zq, Qzoi—Sj)) = 0 from 
[21 Lemma 1.9], the divisor Sj is co-stable in Zj [151 Theorem 8.3]. This proves the existence 
of a twistor space on nCP^ satisfying the assumptions in Theorem 13.111 
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Remark 5.1. Because the twister spaces of Joyce metrics do not contain a non-algebraic 
surface, one may wonder from where a VII surface in the present twistor space comes from. 
An answer is that on the twistor space of a Joyce metric, there exist two degree-one divisors 
D and D' such that the sum D + D' belongs to the same cohomology class as the divisor 
X, and under the small deformation the sum becomes the (irreducible) VII surface X. 

The existence of a twistor space satisfying the assumptions in Theorem 14.41 can be shown 
in a similar way, with slightly more effort. We again start from a toric surface, for which 
we denote S'j this time, which is contained in the twistor space of a Joyce metric as a T^- 
invariant member of \F\. This toric surface Sj is obtained from CP^ x CP^ by blowing up 10 
times as displayed in Figure[5](a) and (b). Namely we first blowup CP^ x CP^ at the 4 double 
points (Figure [5] (a)) of the reducible (2,2)-curve, and then blowup the resulting surface 6 
times at the points and arrows in Figure [5] (b). Let S'j be the resulting toric surface. We 
have = —2 for this toric surface. Next we move each arrow to a point in that direction ( 
as indicated in Figure [5] (c)). By blowing up these 6 points we obtain a non-toric surface as a 
small deformation of Sj. This surface still admits a C*-action. In terms of the initial surface 
CP^ X CP^, the way of blowing up for obtaining this surface with C*-action can be indicated 
as in Figure [5] (d). Next we deform this configuration in a way that the three arrows from 
the point on lower left move along lines in each direction, in a way as displayed in Figure [5] 
(e). Here, ‘line’ means a line in the usual sense, viewing CP^ x CP^ as a compactification 
of C X C = C^. Let S be the surface obtained from CP^ x CP^ by blowing up the 10 points 
in Figure [5] (e). Then this is exactly the surface S constructed at the beginning of Section 
4. Hence we have seen that the surface S is obtained from the toric surface Sj by first 
deforming it preserving a C*-action, and then further deforming the resulting surface by 
a small deformation. Since the cohomology vanishing property is preserved under small 
deformation, by the same reasoning to the above case, we again obtain that there actually 
exists a twistor space Z on 5CP^ having the surface 5 as a member of |F|. Thus we have 
shown the existence of a twistor space satisfying the assumption of Theorem 14.41 


5.2. Dimension of the moduli spaces. In this subsection we calculate dimension of the 
moduli spaces of the twistor spaces discussed in Sections 3 and 4. First let n > 5 and 
Z be the twistor space on nCP^ studied in Section 3, and 5 € IFI the divisor which was 
supposed to exist. As in Proposition 13.11 the divisor S is the unique member of the system 
|F|. Hence if {Z',S') is another pair of a twistor space and the divisor on it enjoying the 
assumption in Theorem 13.111 and if S ^ S', we have Z 9 ^ Z'. Moreover, as long as the 
twistor space Z is obtained as a small deformation of the twistor space of a Joyce metric as 
in the last subsection, we have H'^{&z{—S)) = 0 by upper semi-continuity, and therefore 
by |15l Theorem 8.3], any small deformation of S may be realized by a deformation of the 
pair (Z, S). Hence in order to compute the dimension of the moduli space, it is enough to 
compute the dimension of the moduli space for which the complex structure of the divisor 
S is fixed. 

For this, we consider an exact sequence 


(5.1) 


Qz{-S) —^ Qz,s 


05 


0 . 


As we have been assuming that the C*-action on S extends to the twistor space Z, together 
with H'^{Qz{—S)) = 0 as above, we get an exact sequence 


(5.2) 


H\ezi-S)) H\ez,s) H\es) 


0 


0 . 
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(a) 

blowup 



(d) 


blowup 


(e) 


S 




S\ 


Figure 5. deformation from Sj to S for the case of K3 surface 


For computing the dimension h^{Qz,s), we use the exact sequence 0 —>■ Qz,s ©z 

> 0. As H^{Kg^) = 0 by Proposition 12.21 and H‘^{&z,s) = 0 from the upper semi¬ 
continuity, we get an exact sequence 

(5.3) 0 ^ H\ez,s) H\Qz) 0. 

Then as x(0z) = 15 — 7n, h^{Qz) = 1, and H‘^{Qz) = 0 by upper semi-continuity, we have 
h^{Qz) = 7n — 14. On the other hand, we readily have = 2n — 9. Therefore from 

the exact sequence (|5.3D we obtain h^{Qz,s) = 5n — 5. Moreover we have x(0s) = 6 — 4n 
(as S' is a blow-up of CP^ x CP^ at 2n points). Hence since h^{Qs) = 1 and H‘^{Qs) = 0, 
we get h^{Qs) = 4n — 5. Therefore from the cohomology exact sequence of (15.11) . under 
an assumption that the C*-action on S always extends to that on the twistor space Z, we 
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obtain 

h\ez{-S)) = n. 

Therefore, we obtain that the moduli space of our twistor spaces with the complex structure 
of the divisor S fixed is n-dimensional. On the other hand, as in Section 2, our surface S 
is obtained from the relatively minimal elliptic surface Sq by blowing up 2(n — 4) points on 
the rational curve Cq. Moreover the moduli space for Sq is identified with the moduli space 
of elliptic curves with a real structure, and therefore real 1-dimensional. The contribution 
from the choice of the 2(n — 4) points is real 2(n — 4)-dimensional, so the moduli space 
for our surface S is real (2n — 7)-dimensional. Thus under the above assumption on the 
extension of the C*-action from S to Z, the moduli space of our twistor space is (3n — 7)- 
dimensional. Note that the assumption on the extension of C*-action might look somewhat 
strong, but as we argued in Section 3, we can derive the conclusion a{Z) = 1 without using 
the presence of C*-action, and just under the presence of the special divisor S. 

We also remark that the natural C*-action on the cohomology group ~ 

has exactly 1-dimensional subspace on which C*-act trivially. This seems to mean that the 
divisor S disappears under a generic small deformation of Z which preserves C*-action. It 
might be interesting to ask what is the algebraic dimension of a twistor space obtained as 
these C*-equivariant deformation. 

Next we compute the dimension of the moduli space of the twistor spaces investigated in 
Section 4. First by the same reason to the case of twistor spaces in Section 3 discussed above, 
the complex structure of the twistor space Z deforms if that of the divisor S deforms. But 
in the present case, the complex structure of S cannot be deformed, as is readily seen from 
the construction of the surface S. Further we have = 0, and so the exact sequence 

(j5.3p is again valid, as long as the twistor space is obtained as a small deformation of the 
twistor space of a Joyce metric as in the last subsection. Moreover, for these twistor spaces 
we have h^{Qz) = —xi®z) = 7 • 5 — 15 = 20 and h^{Kg^) = 2 • 5 — 9 = 1. Hence from the 
exact sequence ()5.3p we obtain h^{Qz,s) = 19. Noting that the exact sequence ()5.2p is also 
valid and noticing h^{Bs) = —x(0s) = 4:-5 —6 = 14, we obtain /i^(0^(— S')) = 19 — 14 = 5. 
Thus the moduli space of the twistor spaces in Theorem 14.41 is 5-dimensional. 
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